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Nonlinear Control of a Prototypical Wing Section
with Torsional Nonlinearity

Jeonghwan Ko,* Andrew J. Kurdila,” and Thomas W. Strganac'*t
Texas A&M University, College Station, Texas 77843-3141

With the increase in popularity of active materials for control actuation, renewed interest is evident in the
derivation of control methodologies for aeroelastic systems. It has been known for some time that prototypical
aeroelastic wing sections can exhibit a broad class of pathological response regimes when the system includes
certain types of nonlinearities. We investigate nonlinear controllaws for aeroelastic systems thatinclude polynomial
structural nonlinearities and study the closed-loop stability of the system. It is shown that locally asymptotically
stable (nonlinear) feedback controllers can be derived for the aeroelastic system using partial feedback linearization
techniques. In this case, the stability results are necessarily local in nature and are derived by considering stability
of the associated zero dynamics subsystem. It is also demonstrated that globally stable (nonlinear) adaptive control
methods can be derived for a class of aeroelastic systems under consideration. Numerical simulations are used to

provide empirical validation of some of the results.

Nomenclature

a = nondimensionalizeddistance from the midchord
to the elastic axis

b = semichord of the wing

cp = structural damping coefficient in plunge
due to viscous damping

Cq = structural damping coefficient in pitch
due to viscous damping

h = plunge displacement

1, = mass moment of inertia of the wing about the
elastic axis

ky, = structural spring constant in plunge

ky = structural spring constant in pitch

m = mass

U = freestream velocity

Xo = nondimensionalizeddistance measured from
the elastic axis to the center of mass

o = pitch angle

B, B1, B» = flap deflection

0 = density of air

I. Introduction

CTIVE control of aeroelasticresponseis examined and, in par-

ticular, appropriate control strategies for nonlinear aeroelastic
systems are addressed in this paper. Aeroelasticity is the interac-
tion of structural, inertial, and aerodynamic forces. Flutter is an
oscillatory aeroelastic instability characterized by the loss of sys-
tem damping due to the presence of unsteady aerodynamic loads.!
Theodorsen’ developed the classical unsteady aerodynamic theory
that accounts for the aerodynamic (lag) damping at different flow
conditions and frequencies. Theodorsen and Garrick® predict flutter
velocities and frequencies and compare these predictions of flutter
with experimental results. Wagner and Jones (see Ref. 1) develop
approximations of Theodorsen’s function that are appropriate to
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simulate wing motion and predict aeroelastic response in unsteady
aerodynamic flow.

Using the developmentsby Wagnerand Jones, severalresearchers
have attempted to further understand the control of unsteady motion
of an airfoil. Lyons et al.* used a method of converting the Jones
approximation into the Laplace domain and augmenting the states
of the system to account for the lag terms in the aerodynamics. This
approachstructuredthe equationsof motion for controllaw develop-
ment. Vepa® developed a Padé approximation technique to describe
both Wagner’s function and Theodorsen’s functionin the frequency
domain. Edwards et al.® compared the methods of Lyons et al.*
and Vepa.® Furthermore, Edwards et al.° examined these develop-
ments by dividing the circulatory terms of the lift into rational and
nonrational portions inasmuch as the nonrational part could not be
written as a ratio of polynomials. Edwards et al.’s approachreduced
the number of augmented states previously required to model the
unsteady aerodynamics. These methods are developed for arbitrary,
but small, motion of a wing.

Many strategieshave beenexaminedto controlunacceptablewing
responseor suppressflutter. Lyons et al.* investigatedfull-state feed-
back with a Kalman estimator for the purpose of flutter suppression.
The theoretical model was relatively simple and required only eight
states. Mukhopadhyay et al.” and Gangsaas et al.® created 20th-
and 50th-order models, respectively. They developed methods to
reduce these higher-order systems to show the practicality of these
controlstrategies. These control systems implemented estimators to
describe unmeasured states and used estimated state feedback as the
control method. Karpel® compared the aerodynamic descriptions of
Lyons et al.,* Vepa,” and Edwards et al.% to develop partial-state
feedback controllers. Karpel® used pole placement techniques to
develop the control laws for flutter suppressionand gust alleviation.

Horikawa and Dowell'® performed flutter analysis with control,
employing proportionalgain feedbackmethods developedfrom root
locus plots. They used a quasisteady aerodynamic model coupled
with a two-degree-of-freedom structural model to develop several
types of feedback. The developmentdirectly feeds one of four vari-
ables to the control surface through a proportional gain. Heeg!! in-
vestigated flutter suppressionby control with piezoelectricactuators
and increased the flutter velocity by 20%. The work involved a small
wing model mounted on spring tines to simulate the bending and
torsion modes. Four actuators were mounted to control the bending
mode. Heeg’s!'! analysis employs a classic approach for control, by
using root locus plots to derive proportional gain feedback control
laws.

Lin,'? Lazarus,'> and Lazarus et al.'* analyzed a typical section
model. The study included control of the bending and torsion modes
by piezoelectric actuators mounted on the wing and additional
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control with leading- and trailing-edge flaps. This structure and
control scheme was designed for wind-tunnel disturbancerejection,
gust alleviation, and flutter suppression. They showed that direct
control through piezoelectrics was possible. Their design strategy
used full-state feedback with an estimator. Lazarus'> performed a
more complete experimental analysis to validate the results of the
typical section model.

These researchers have shown that linear theory can be appli-
cable for control of aeroelastic systems. Unfortunately, as aircraft
performance increases, so does the needs for more sophisticated
aeroelastic models. Aeroelastic systems typically contain nonlin-
earities, which are either neglected or simplified to a linear form for
analysis. Nonlinearities that occur in aeroelastic systems include
control saturation, free play, hysteresis, piecewise linear, and con-
tinuousnonlinearities.Control saturationoccurs when an increasing
input into a control actuator will no longer increase the output of
the system. This nonlinearity occurs in most motor controllers when
their operational limits are exceeded. Free play is seen in control
surface linkages or hinges in which the surface will not move un-
til the magnitude of the input exceeds a certain value. Hysteresis
occurs in systems in which friction affects linkage dynamics or in
which rivet connections slip on a wing. A nonlinear stiffness may
be observed in the large bending of wings and rotor blades or in
control actuators that become increasingly harder to deflect as they
are moved farther from the neutral position. Many researchers have
examined the nonlinearities inherent in structural models.

Woolston et al.!” investigatednonlinearitiesin structural stiffness
and control surface linkages. They created a model with free play,
hysteresis, cubic-hardening, and cubic-softening nonlinearities in
the torsional mode. For general wing motion, they observed that
the flutter velocity lowered as the initial disturbance grew and that
the stability of the system was highly dependenton the magnitude of
the initial condition. A cubic-softening spring stiffness lowered the
flutter velocity. They also noted that cubic hardening caused limit
cycleoscillationsrather than flutterat velocitiesabove the open-loop
flutter velocity.

Breitbach'® showed that a poor agreement between theory and
experiment in flutter is most likely due to nonlinear structural stiff-
ness in models. He also presented a detailed examination of many
types of nonlinearities that may affect aeroelastic systems. Tang
and Dowell” introduced a free play nonlinearity in the torsional
stiffness and examined the nonlinear aeroelastic response. For var-
ious initial conditions, they created maps of the system response
to describe locations of periodic limit cycles, chaotic motion, and
divergent motion. They concluded that limit cycle motion is depen-
dent on freestream velocity, initial pitch condition, magnitude of the
free play nonlinearity, and initial conditions.

Lee and LeBlanc'® performed analysis of a nonlinearwing model
using a time-marching scheme that simulated aeroelastic response.
Models of softening and hardening cubic springs were examined by
varyingthe mass ratio, by increasingthe distance between the elastic
axis and the center of mass, and by varying the ratio of the plunge
frequency to pitch frequency. For the softening spring case, unstable
motion was encountered below the linear flutter speed for nearly
every parameter;increasingthe nonlinearityand increasingthe mass
ratio tended to make the system more unstable at lower velocities.
For the hardening spring case, limit cycle oscillations were always
present instead of divergent flutter. Varying the parameters of the
hardening spring case affected the amplitudes of the limit cycles.

These researchershave developed models for exploringnonlinear
aeroelasticity and have also attempted to describe the motion with
time marching solutions and describing function analysis. How-
ever, efforts to examine nonlinear aeroelasticity and active control
strategies are limited. O’Neil and Strganac!®?® and O’Neil et al.?!
examine nonlinear aeroelastic response via a unique experimen-
tal apparatus that permits a prescribed linear or nonlinear structural
stiffness. Withnonlinearstructuralstiffness, the model exhibits limit
cycleoscillations. Various full-statefeedbackcontrollaws have been
examined with the aeroelastic model with a control surface.”> An
unsteady aerodynamicmodel is developed with an approximationto
Theodorsen’s function, and a Kalman estimator is used to estimate
the augmented state system. Tests of the linear structural model and

nonlinearities are examined while the performance of the control is
verified for numerous flow conditions using the linear controller.In
many flow regimes, the linear control design was highly effective.
Roughly speaking,controlof the nonlinearsystemduring limitcycle
oscillations was ineffective, unpredictable, or poorly understood.
Whereas several authors have investigated the effectiveness of
linear and adaptive control methodologies for aeroelastic systems,
our own experimental investigations have provided experimental
evidence that linear control methods may not be reliable when non-
linear effects predominate 2* In addition, it is typically the case that
even fewer analyticalresults are available that guarantee the closed-
loop stability of nonlinear adaptive control methods. Thus, we seek
to derive nonlinear control methodologiesthat make as much use of
the knowledge of the nonlinearities as possible. In all of our anal-
yses, a primary goal is to make definitive statements regarding the
closed-loop stability of the system. Our strategy has been to sim-
plify the model and incorporate the essential and well-understood
structural nonlinearities as a precursor to methods that accommo-
date more complex nonlinearities associated with aerodynamics.
Dead-zone, hysteretic, and polynomial nonlinearities in the struc-
tural systemhavebeeninvestigatedin Refs. 17 and 23-25. However,
in comparison to the nonlinearities and uncertainties in the aerody-
namic component of the dynamical system, the structural nonlin-
earities are well characterized. To derive a controller that accounts
for some of the nonlinearities in the system, we retain the nonlin-
ear torsional stiffness terms. This dynamical system is the simplest
possible model that remains a faithful representationof the physics
we seek to address, i.e., limit cycle oscillations. If the structurally
nonlinear terms are neglected, limit cycle oscillations in our model
near the critical velocity are not observed. Certainly, we can add ad-
ditional nonlinear terms, particularly those that model aerodynamic
effects, but the structurally nonlinear terms constitute the bare min-
imum required to represent limit cycle oscillations at low speeds.
The remainder of this paper discusses two control designs based
on partial feedback linearizationtechniques. In the first case, we de-
rive a nonlinear controller that guarantees the exponential stability
of the pitch dynamics subsystem. However, because the system is
not fully feedback linearizable, decreasing pitch oscillations inject
energy into the associated, remaining reduced degrees of freedom.
Still, local asymptotic stability for the closed-loop system can be
established by considering the zero dynamics of the system. The
local asymptotic closed-loop stability of this pitch primary control
depends parametrically on the flow velocity and elastic axis loca-
tion. A similar control methodology is derived in the second part of
the paper for the plunge dynamics subsystem. Finally, we close by
showing that, for a very simple but structurally nonlinear aeroelastic
model with two control surfaces, the dynamical system is exactly
feedback linearizable and global stability results can be derived.

II. Equations of Motion

We consider the problem of flutter suppression for the prototypi-
cal aeroelastic wing sections, as shown in Fig. 1. This type of model
has been traditional for the experimental and theoretical analyses
of two-dimensional aeroelasticbehavior. The unique features of the
model considered herein are variable location of the elastic axis
and the capability of incorporating various types of stiffness for the
pitch axis motion. Obviously, the two parameters, elastic axis loca-
tion and freestream velocity, play critical roles in system stability.
A significant portion of this paper will study their importance in
some closed-loop control systems. As shown in Refs. 19-21, the
governing equations of motion for the aeroelasticmodel are derived
to be

o T 20
Lokl

where h represents the plunge motion. In these equations, m is the
mass of the wing; ¢, and ¢, are pitch and plunge structuraldamping
coefficients, respectively; and L and M are the aerodynamic lift
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Fig.1 Aeroelastic model.

and moment. We assume the quasisteady aerodynamic forces and
moments are modeled as follows!:

L = pU%bc, [a+ (h/U) + (L — a)b(@/U)] + pU?bc;, B
)
M = pUb%c,, [a+ (h/U) + (4 —a)b(/U)] + pUb%c,, B

where ¢;, and ¢,,, arelift and momentcoefficients per angle of attack
and P and c,, s are lift and moment coefficient per control surface
deflection. Several classes of nonlinear stiffness contributionsk, ()
have been studied in papers treating the open-loop dynamics of
aeroelastic systems (see, for example, Refs. 17 and 23-25). For
purposes of illustration, polynomial nonlinearities are introduced
at this point. For example, the polynomial nonlinearities might be
expressed as

ko (@) = ko + koo + k,lzof2 + ka3a3 + ka4(¥4 R 3)

Combining the two equations [Egs. (1) and (2)], we obtain the equa-
tions of motion as

m mx,b h
mxy,b 1, o
oUb%c, (— — a) h
Co _PUb3 Cng (% —(1) o
k U?bc, h —pbc
+ h 2,02 I _ ) I Uzﬁ
0 —,OU b Cma+kot(a) o4 Pb Cmﬁ

For the analysis to follow, it is useful to convert this equation into a
state-space formulation. We define the state variable as

c, + pUbc,
pUbc,,

X h
Xy o
X = = .
X3 h
X4 o

The transformed equations of motion become

x=f.(x) +gx)U?B 4)

Table1 System variables

d= m(Ia - mxébz)
ki = Ik /d, ko = (Lupber, + mxabpew, ) /d
ks = —mxqbky /d, ky = (—mxabzpcla - mpbzcma)/d
p(x2) = (—mxob/d)ky (x2), q(x2) = (m/d)ke (x2)
= [tu(er + pUbC, ) + mxapUb*cn, | /d
[ I,pUb? c, (— - a) mxabca—l—mxapUb“cma (% - a)]/d
= (=mxaber — mxqpUB el — mpUbcy, ) [d
[ — mxupUbcy, (— - a) mpUb3c,p, (5 - a)]/d
= (1/d)(~Lapber, = mxob* peny )
g1 = (1/d)(mxo b py, + mpbcn, )

Table2 System parameters

Property Value
b 0.135m
span 0.6 m
kn 2844.4 N/m
ch 27.43 Ns/m
Co 0.036 Ns
P 1.225 kg/m?3
Cly 6.28
ciy 3.358
Cma 0.5+ a)c,
Cmgy —0.635
where
X3
X4
Ju= —kyx, — [k2U2 + p(xz)]xz — C1X3 — CyXy4

—k3x; — [k4U2 + Q(xz)]xz — C3X3 — CyXy
0
gx) =

84

To simplify their form, several auxiliary variables are introduced
(as shown in Table 1). Note that the equations of motion are de-
pendent on the freestream velocity U and also on the elastic axis
location a. The notation f,(x) is conventional in that it empha-
sizes the parametric dependence of the dynamics on U and a.
Strictly speaking, the subscript ¢t should be replaced by the vector
of the parameters {U, a}. We adopt the simpler notation, keeping
in mind that the solutions are in fact a two-parameter family of
solutions.

III. Open-Loop Equations/Limit Cycles

It is well known that the equations of motion just derived exhibit
limit cycle oscillations (LCO), as well as other nonlinear response
regimes including chaotic response.®?32> The system parameters
to be used in the following numerical investigations are given in
Table 2. These data are obtained from the experimental model de-
scribed in full detail in Refs. 19-21. The nonlinear stiffness term
k,(a) is obtained by curve fitting the measured displacement-
moment data for a nonlinear spring as'

ky(a) =2.82(1—22.1a +1315.50> —85800> +17,289.7a*)  (5)

With the flow velocity U = 15 m/s and the initial conditions of
o = 0.1 rad and y = 0.01 m, the resulting time response of the
nonlinear system is shown in Figs. 2 and 3. Clearly the system ex-
hibits LCO behavior and is in good qualitative agreement with the
behavior expected in this class of systems. The relations between
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Fig.2 Open-loop response: plunge.
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Fig.3 Open-loop response: pitch.

LCO frequencies, magnitudes, and initial conditions or flow veloc-
ities are shown in Refs. 19-21. There have been some efforts to
control the system using a linear controller?? As one might easily
expect, however, a linear controller cannot effectively stabilize a
system that undergoes severe nonlinear motions, and there is a need
to design a controller based on nonlinear control methodologies.

IV. Feedback Linearization

We utilize the method of partial feedback linearization to derive
viable control methodologiesfor the nonlinearaeroelasticsystem. A
detaileddescriptionof the feedbacklinearizationmethods is beyond
the scopeofthis paperand canbe foundin varioustexts,e.g.,Refs. 26
and 27. Roughly speaking, the method consists of constructing a
coordinate transformation, which transforms the system equation to
a companion form and selects a nonlinear feedback control law to
cancel the nonlinear dynamics. In the most fortunate circumstances,
the resulting system is a linear equivalent model, to which modern
linear control theory can be easily applied.

However, a given nonlinear system is not always fully lineariz-
able. Depending on the relative degree of the nonlinear system of
concern, the nonlinear transformationresults in either a partially or
afully linearizedequivalentsystem. The relative degree of an output
functionis defined to be the number of differentiationof output y (x)
to have the input u appear explicitly?” This definition of the relative
degree is an extension of the one for linear systems: the number of
excessive poles over the number of zeros. For the case when the
system is partially linearized, there exists a hidden internal dynam-
ics whose stability must be investigated to ensure the stability of
the whole system.?” Because it is difficult to find an output function
y(x) that yields complete feedback linearization for the two outputs
(h, a) in the aeroelastic system with one control surface, we begin

by studying two separate problems in which we consider one output
variable at a time.

A. Pitch Primary Control

In our first study, we will show that the nonlinearequationscan be
stabilized(at leastlocally) using partial feedback linearizationbased
on the pitch angle. Because the output and feedback variable are
selectedto be the pitchangle, we denote this method as pitch primary
control. We begin by calculating the relative degree associated with
the following output variable:

y@®) =x(=a) (6)

That is, the objective of the control is to stabilize the pitch output
«. The relative degree of this output is calculated as follows?:

Y(x) = x5, Lgy(x) =0

Liy®) = x, LeLry(®) = g4 #0

where Lyy(x) is a Lie derivative of y in the direction of f defined
2526:27

ay
Ley(x) = Za—x - fi

i

LyLyy@) = Lg[Lpy()] (1)

Thus, we have confirmed that the relative degree of the system is
r = 2. In other words, two degrees of freedom of the system can
be linearized. To accomplish partial feedback linearization, we con-
sider the following state transformation:

X ¢

¢ = y(x) = x2, ¢ = Lpy(x) = x4 ®)

3 = xi1, Qs = —g3X4 + 84 X3

which just happens to be linear. Carefully note that the transforms
for ¢5 and ¢, are defined such that L,¢3 and L,¢p, = 0.

To validate that the preceding transformation is admissible, we
need to check the invertibility of the Jacobian of the mapping. The
coordinate transformation just defined is

ol X
& | X4
o | Xy
o —83X4 + 84%3
9
Xy &3
RO 1
X3 B (1/84) (P4 + 8302)
Xy o3
The Jacobian matrices of the transform and the inverse transform
are
01 0 0
g | 0 0 O 1
|:8_x]i| Tt o0 o0
0 0 g —g
(10)
0 0 1 0
ax; | 1 0 0 0
[37,} |0 g/g O /g
0 1 0 0

Inasmuch as both Jacobians have nonzero determinants, clearly the
transform is well defined. With the preceding transformation, the
governing equations of motion for the system become



KO, KURDILA, AND STRGANAC 1185

¢2

¢.1 —Py(@)p1 — lca + ¢3(83/82) 12 — kaps — (¢3/84)Pa 0

2l _ (8:/8)62 + (1/8)¢ {8t os (1)
:3 [83Py (¢1) — 84 Qu (P11 + [_C1g3 — €284+ C3 (gi/gz;) + C4g3]¢2 0

4

where

PU(¢1)=k4U2+Q(¢1), QU(¢1)=k2U2+P(¢1) (12)

Now, partial feedback linearization can be achieved by setting the
controlinput § to be

_ Py(p1)¢1 + [cs + ¢3(83/84) 12 + kaps + (c3/84)ps + v
U2g,

B
(13)

where v is a new, yet to be defined, control. The resulting partially
linearized equations are

¢1 = ¢, ¢2 =, ¢3 = Ay + Audy (14)
. 14
by = [83Pu(¢1) — 84aQu(P1)]p1 + Asnhs + Aszs + Asagy

where

Az = g3/84, Ay =1/g4

Ap = —c183— 284 +C3 (gf/g4) + €483

Ay = kigs — kiga, Ag = (c383/84) — 1

By judiciously choosing v, we make the linearized dynamics for ¢,
and ¢, exponentially stable. We can use any linear control design
techniqueforthelinear subsystem{¢;, ¢,}. However, the subsystem
{¢3, ¢4} isnotaffecteddirectlyby the new input v and we donothave
direct control over this subsystem. Note that the internal dynamics
for ¢; and ¢4 are stillnonlinear. Generally,itis noteasy to investigate
the stability of the internal dynamics2” However, by checking the
stability of the zero dynamics of the partially linearized system,
we can obtain stability information on the internal dynamics. Let
¢1 = 0;thenclearly ¢, = 0 and the equationof internaldynamics is

b5 0 Al ¢
o= 15
{¢4 } [AM AJ {¢4 } 1

We observe the zero dynamics is linear and the stability of these
zero dynamics will ensure the stability of the entire system, at least
locally. The eigenvalues of the zero dynamics are

L Aut /A2, + 443, A4

2

(16)

Note that the stability of the zero dynamics depends on the flow
velocity U and on the elastic axis location a, although it is not ex-
plicitly shown. With the quantities defined in Table 1, the real parts
of the eigenvalues of the zero dynamics are plotted with respectto a
inFig.4 (U = 15m/s). Observe thatfora > —0.55 the real parts of
both eigenvaluesare negative and, thus, the zero dynamics is stable.
Witha = —0.4 and U = 15 m/s and with the initial conditions
o = 0.1 rad and y = 0.01 m, the time response of the system is
showninFig. 5. We have chosen the modified inputv = —1.2a —4«
such that the closed subsystem has poles at s = —0.6 & 1.9079. It
should be emphasized, however, that the stability of the zero dy-
namics only guarantees the local stability of the internal dynamics.

B. Plunge Primary Control

In this section we show that the nonlinear equations can be stabi-
lized (at least locally) using partial feedback linearization in terms
of the plunge variable. As in the preceding case, we denote this

+ (ksgs — k184)#3 + [c3(83/84) — 1104

analysis as the plunge primary control. We begin by investigating
the relative degree with the following output variable:

y(x) =x,(=h) (17)

Thatis, the objectiveof the control s to stabilizethe plunge output/.
The relative degree of the preceding outputis calculated as follows:

Lyy(x) =0

LoLiy(x) = g3 #0

y(x) = xi,
Liy(x) = x3,

100 T T T T T T T ; ;

Real part of eigenvalue

-100 | : : . . P e

_150 I 1 l 1 1 1 1 i 1
-1 08 -06 -04 -02 0 02 04 06 08 1

Elastic axis location, a

Fig. 4 Real parts of eigenvalues of zero dynamics with respect to a:
pitch primary, U = 15 m/s.
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Fig.5 Timeresponse of pitch primary control:a =—0.4and U=15m/s.
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We have consequently confirmed that the relative degree of the sys-
tem is r = 2. The state transformation we choose for the current
case is

X ¢

é1 = yx) =x, ¢ = Lyy(x) = x3 (18)

3 = Xz, Gy = 83X4 — 8aX3

Again, the transforms for ¢; and ¢, are defined such that L,¢;
and Lg¢s = 0. The preceding transform is well defined due to the
nonsingularity of the Jacobian as before. The governing equations
of the system become

KO, KURDILA, AND STRGANAC

As in the earlier case, because the system is only partially linearized,
we are forced to evaluate the stability of the internal dynamics or the
zero dynamics of the system. By setting ¢; = ¢, = 0, the equation
for the zero dynamics is obtained as

{¢} _ { Asd } o)
<ﬁ4 [84Qu(93) — &3 Py(d3)]ps + Assps

Unlike the preceding case, the zero dynamics is nonlinear and re-
quires more careful analysis. At a first glance, the zero dynamics
(23) has an equilibrium point (¢3, ¢4) = (0, 0). However, it turns
out that, depending on the parameters U and a, additional equilib-
rium points exist, and we need to perform bifurcation analysis to

b h 0
. —kipy — [c1 +¢2(84/83) 12 — Qu(@3)d3 — (c2/83) 4
221 (84/8)¢2 + (1/8)¢4 w18 (19)
23 (8aki — g3k3)¢1 + [C184 +c (gf/g%) — G383 — C4g4]¢2 0
4

where

Py(¢3) = kaU* + q(¢3), Qu(gs) = kU? + p(¢3) (20)

Clearly, from Eq. (19), the feedback linearization can be achieved
by setting the control input 8 to be

ki + [c1 +¢2(84/83) 12 + Ou(@3)ps + (¢2/83)Ps + v

P= U?g,
2D
The resulting partially linearized equation is
b, = 2. ¢, =, b3 = Aty + Asugs
. (22)
by = Angr + Apndr + [84Qu(@3) — 83Pu(93)1ds + Auu
where
Az = 84/83, Az =1/g, Ay = gaky — g3ks
Ap =cigs+ Cz(gf/g,%) — (383 — C48a
Au =(84/83) — ¢4
0.1 T

A Stable Eq. Pt.
+ Saddle Eq. Pt.
o Unstable Eq. Pt.

%
Um/s)
Fig.6 Bifurcation diagram for zero dynamics for plunge primary con-
trol: @ = — 0.63 with respect to U%.

250 750 1000

+[84Qu (¢3) — 3Py (93)1ds + [€2(84/83) — 414

completely understand the characteristicsof the zero dynamics rep-
resented by Eq. (23). Two sets of bifurcation diagrams are shown
in Figs. 6 and 7. Figure 6 shows the bifurcation diagram with re-
spect to the flow velocity U and exhibits the so-called pitch-fork
bifurcation?®? In other words, up to a critical velocity U,,, the
zero dynamicshas only one equilibrium pointat (0, 0) and is stable.
However, beyond U,,, there exist two equilibrium points that are
stable, whereas the original equilibrium point (origin) is unstable.
If the velocity is greater than U,,, all of the equilibrium points are
unstable. We observe that the critical velocities U,, and U,, are de-
pendent on the elastic axis location a and, generally, as the elastic
axis is moved forward, the stable velocity region grows. A typical
plot of stable and unstable manifolds is shown in Fig. 8. In this case
there exist two stable equilibrium points and one unstable equilib-
rium point. A trajectory will be attracted to either one of the two
stable equilibrium points depending on initial conditions. Figure 7
shows the bifurcation diagram with respect to the elastic axis loca-
tion a. As one might expect, the stable region of a is smaller for the
greater velocity.

With the initial conditions y = 0.01 m, « = 0.1 rad, and a =
—0.68and U = 15m/s, thetime response of the controlledsystemis

0.1 T T o

A + o+ H -+ o+

¢3 0

4 Stable Eq. Pt
+ Saddle Eq. Pt.
a Unstable Eq. Pt.

-0.1 - L
-1 -0.75

05 025 0
Elastic axis location, a

Fig.7 Bifurcation diagram for zero dynamics for plunge primary con-
trol: U? =200 m?/s* with respect to a.
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\

-0.01 /

-0.02 D ‘ 0.05
3

Fig. 8 Stable and unstable manifolds of equilibrium point (0, 0) for
two stable and one unstable equilibrium case.

=y

-3

Plunge, 2 (x10 m)

5
o
S
=
S
o
02 . . . . . . .
B o1
= o
2 -0.1
£
§-0.2 :
5_03 : . v
Y 2 3 4 5 6 7 8 § 10

Time(sec.)

Fig. 9 Time response of plunge primary control: a = —0.68 and U =
15 m/s.

shownin Fig. 9. We have chosenthe modified inputv = —1.2 h—4h
such that the closed subsystem has polesat s = —0.6 +1.9079. As
is expected, the plunge output 2 and & converges to zero.

V. Feedback Linearization
with Two Control Surfaces

In the preceding two sections, we have shown that, by using a par-
tial feedback linearization method, we can construct locally stable
nonlinearcontrollersforthe aeroelasticmodel. We obtainedpartially
linearized systems and subsequently analyzed the zero dynamics to
ensure the stability of the closed-loopsystem. However, because the
system is only partially linearized, we were only able to obtain lo-
cal stability results. In this section, we investigate the possibility of

Fig. 10 Wing with two control surfaces.

obtaining a globally stable nonlinear controller by adding an addi-
tional control surface.

By addinganothercontrolsurface, we assume that the quasisteady
lift and moment of the system is expressed as follows:

L = pUbc,Ja + (h/U) + (4 — a)b(a/U)]

+pU?bey, By + pU?bc;, B, (24)

M = pU?b?c,, [+ (h/U) + (£ — a)b(@/U)]
+ pUzbzcmﬁlﬁl + pUzbzcmﬁzﬁz (25)

The reader is advised that the assumption that the lift and moment
can be expressed as simply as given in Eqs. (24) and (25) is very
restrictive. In particular, it is only appropriate for wing sections that
have a very large ratio of span to lateral separation of the control
surfaces. As usual, it is likewise limited to small angle of attack and
small controlsurface displacements.Itcan be areasonablerepresen-
tation of lift and moment forces for low-speed flow in wind-tunnel
models with the introductionof a fence or splitter plate as shown in
Fig. 10.

Despite the limitations imposed by such a rudimentary aerody-
namic model, there are compelling reasons for studying this system
from a control theoretic standpoint. We show in this section that the
system shown in Fig. 10 is exactly feedback linearizable provided
we know the structural nonlinearities. As such, this analysis pro-
vides an approach for designing control systems in which we do not
know the exact structure of nonlinearities.

To begin, we rewrite Eq. (2):

m mx,b h
mx.b 1, o

cp + pUbc, pszc,a (% —a) h
oUb%c,, ¢ — pUbcp, (% —a) o
(26)
N ky pU?bc, h
0 —pU%,,+k, ()| ]|«
—pbc,  —pbcyy, Bi )
= | pbe b, v
/0 mg, /0 mg, ﬁZ
In state-space form, Eq. (26) can be compactly written as
X =fu(0) + g U’ +&x)UB, @7
where
X3
f -
e —kyx; — [kU* + P(x2)]xa — €1x3 — €ax4
—ksx; — [k, U* + q(x2)]xy — €3x3 — €4x4
0 0
0 0
81 = s 82 =
813 823
814 824
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Mostof the variablesin the precedingequationare defined in Table 1
except g;;, which are defined as

813 = (l/d)(_lotpbclﬁl - mxab3pcm)gl)
gu = (1/d) (mx,b? pe,, +mpb*c,, )
823 = (l/d) (_Iotpbclﬁ2 - mxab3pcm)gz)

g = (1/d)(mx,b? pe,,, +mpb*c,,)

Because we have two control surfaces, we considertwo output func-

tions such as
@ {yl()} { 1} {h} @9
Y2(x) Xo [o4

To investigatethe relativedegree of this multiple-degree-of-fredom
system, the following derivatives are needed. For the first output
measurement,

Lglyl(x)zoa ngYl(x)=0
Lle(x)=x3, LglLfyl(x)ng #0

Lg,Lryi(x) = g23 #0

@) = xq,

For the second output measurement, we require
Lg y2(x) =0, Lg,y2(x) =0
Lsz(x) = X4, LglLfyZ(x) =g #0

ngLfY2(x) =8u#0

»2(x) = X,

The following matrix plays a crucial role in defining a linearizing
transformation, as will be shown shortly:

LglLfyl(x) ngLfY1(x) _ | 813 8 (29)
LglLfyZ(x) ngLfY2(x) 814 824

Substituting the definitions of g;;, we have

Ax) = [

1| —1,pbc;, —mx,bpc,,
A(x) — = p R Ipy ;0 A1
d| mx,b peiy + mpb Cimg,

—1,pbcy, — mx,b’ pc

mg,

2 2
mx,b pCiy,+ mpb Cing,

(30)

The output functions have relative degree of {2, 2} atx, if the matrix
A(x) is nonsingular at x,. The determinant of the matrix A(x) is
calculated as

2,275 2
|A(x)| =m )Cab P (Cl)z;lcmﬁ2 - Cm)glclﬁz)

213
+ml,p°b (C”’ﬁlclﬂz - Clﬁlcmﬂz)

= mp’b’ (mxoztbz - 1'1) (Clﬁlcmﬂz - C"’ﬂlclﬂz)

Thus, unlessmx2b* = I, the nonsingularityof the controlinfluence
matrix guarantees that the system is completely feedback lineariz-
able. Note that this result agrees with our intuition. Suppose, for
example, that Cly =Ciy, In this case, the control influence matrix
is not invertible, and the preceding results do not hold. In fact, the
wing section control system is equivalent to a single control surface
system in this case. Assuming that A(x) is nonsingular, define the
state transformation as

¢ =y =x1(=h), ¢r = Lyy, = x3(= h)
(31)

$3 = Y2 = X2(= a), b2 =LfY2 =xE=a)

The transformed equation of motion is then

b, = 2. by =Ly + Lo Ly UB1 + Ly, Ly U,
(32)
@3 = s, ¢, = f% + Lo Ly, Uy + Ly, L, U By

-3

Plunge, 2 (x10  m)

Pitch,  (rad.)

Control input(rad.)
[=]

To 2 3 4 5 6 7 8 9 10

Time(sec.) |
Fig. 11 Time response with two control surfaces: a = — 0.4 and U =
15 m/s.
Observe that

ol =L i )

(1;4 thl LglLfyZ(x) ngLfyz(x) B>
= b(x) +AXU’B

By choosing

B=-UZAT ()b +v) (33)
we obtain the completely feedback linearized system

¢1 = ¢, ¢2=U1a ¢3 = ¢4, ¢4=U2 (34)
With the same initial conditions as before, i.e., a = —0.4,U =
15 m/s, « = 0.1 rad, and y = 0.01 m, the time response of the

controlled system is shown in Fig. 11. The fictitious input
—1.2h — 4h
y =
—1.2a — 4«

is selected such that the closed linearized system has eigenvalues at
A ={-0.64+1.9079, —0.6 &= 1.9079}.

VI. Conclusion

We have applied a feedback linearization methodology to design
nonlinear controllers for a typical wing section with structural non-
linearities. Without any control effort, or with linear controllers, the
aeroelastic system reveals various kinds of nonlinear phenomena
including LCOs as noted in various texts. The nonlinear controllers
based on the partial feedback linearization yielded a stable closed-
loop system, although the stability is guaranteed in the neighbor-
hood of the equilibrium points. The two crucial parameters, elastic
axis location and freestream velocity, each have a significant effect
on the resulting partially linearized closed-loop system. To derive a
globally stabilizing controller,a controller based on two control sur-
faces has been derived. Under the assumption that the two control
surfaces are independent, the nonlinear controller showed excep-
tional performance in stabilizing the aeroelastic system.
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